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PHYSICAL REPRODUCTION OF 
REFLECTANCE FIELDS 

CROSS-REFERENCE TO RELATED 
APPLICATIONS 

[0001] This is a continuation-in-part of US. patent appli 
cation Ser. No. 13/086,303, ?led Apr. 13, 2011, entitled 
“EMBEDDING IMAGES INTO A SURFACE USING 
OCCLUSION,” the bene?t of the ?ling date of Which is 
hereby claimed and the speci?cation of Which is incorporated 
herein in its entirety by this reference. The bene?t of the ?ling 
date of US. Provisional Patent Application No. 61/323,812, 
?led Apr. 13, 2010, entitled “EMBEDDING IMAGES INTO 
A SURFACE USING OCCLUSION,” is also hereby claimed, 
and the speci?cation thereof incorporated herein in its 
entirety by this reference. 

BACKGROUND 

[0002] A relief is a three-dimensional (3D) sculpture or 
sculpted surface having a relatively shalloW depth With 
respect to a background plane. For centuries, sculptors have 
created reliefs by imagining a compressed-depth image of a 
3D object and sculpting the image features into the surface of 
a material, such as a rectangular block of stone, at their 
compressed depths. An example of a relief having an 
extremely shalloW depth (sometimes referred to as a bas 
relief) is the sculpted bust of a person or other subject on the 
face of a coin. In the example of a coin, the relief conveys to 
the observer an image of the person or other subject. The 
manner in Which light falls upon a relief contributes to the 3D 
effect. In the example of a coin, illumination is typically very 
even, i.e., non-directional, across the relief. As a result of this 
type of uniform illumination and the shalloW depth of the 
relief, the image that the relief conveys appears very uniform 
to an observer over a Wide range of vieWing angles. In an 
example in Which the subject of the relief is a person’s face, 
the face appears essentially the same to the observer regard 
less of the vieWing direction. Most reliefs are intended by the 
sculptor to be vieWed essentially head-on, i.e., from a direc 
tion along a normal to the background plane. A deep or 
unevenly illuminated relief Will not appear quite the same 
When vieWed from different directions. Though a sculptor 
may not think in such terms, the sculptor has in mind a certain 
?xed association betWeen light re?ected from the relief sur 
face and the surface normal. 
[0003] Computer-assisted techniques for producing reliefs 
from 3D digital models have been described. The techniques 
address the above-referenced depth compression and other 
issues. The output of such techniques is a digital model of the 
relief. Such a digital model could then be used to drive an 
automated fabrication machine that sculpts the relief from a 
block of material or to produce a mold for manufacturing the 
relief through a molding process. 

SUMMARY 

[0004] Embodiments of the present invention relate to a 
system and method for producing a three-dimensional relief 
from one or more tWo-dimensional digital (2D) images. In an 
exemplary embodiment, a height ?eld is computed from the 
one or more 2D images and illumination direction informa 
tion. The height ?eld comprises a multiplicity of geometric 
surface elements arrayed in a 2D ?eld corresponding to the 
pixels of the one or more 2D images. Each geometric surface 
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element corresponds to a pixel of each of the digital images 
and has at least one height parameter representing a displace 
ment from a surface ?oor. Once the height ?eld is computed, 
optimiZations or adjustments can optionally be made to the 
height ?eld. The height ?eld can be used to fabricate relief 
elements in a material, such that each relief element corre 
sponds in shape, position in the height ?eld, and height above 
the surface ?oor, to one of the geometric surface elements in 
the height ?eld. In addition, this height ?eld can contain an 
albedo and re?ectance properties of varying glossiness. 
[0005] Other systems, methods, features, and advantages 
of the invention Will be or become apparent to one of skill in 
the art to Which the invention relates upon examination of the 
folloWing ?gures and detailed description. All such additional 
systems, methods, features, and advantages are encompassed 
by this description and the accompanying claims. 

BRIEF DESCRIPTION OF THE FIGURES 

[0006] The invention can be better understood With refer 
ence to the folloWing ?gures. 
[0007] The elements shoWn in the ?gures are not necessar 
ily to scale, emphasis instead being placed upon clearly illus 
trating the principles of the invention. Also, in the ?gures like 
reference numerals designate corresponding elements 
throughout the different vieWs. 
[0008] FIG. 1 is a block diagram of a computer system that 
is programmed and con?gured to effect a method for produc 
ing a relief, in accordance With an exemplary embodiment of 
the invention. 
[0009] FIG. 2 illustrates a subject illuminated by tWo light 
sources. 

[0010] 
sources. 

[0011] FIG. 4 is a top plan vieW of an exemplary relief 
produced by the method of FIG. 6. 
[0012] FIG. 5 illustrates a representation of pyramidal sur 
face element, in accordance With an exemplary embodiment 
of the invention. 
[0013] FIG. 6 is a How diagram illustrating a method for 
producing a relief using the system of FIG. 1, in accordance 
With an exemplary embodiment of the invention. 
[0014] FIG. 7 is a How diagram illustrating a method for 
producing a relief using the system of FIG. 1, in accordance 
With another exemplary embodiment of the invention. 
[0015] FIG. 8 is a How diagram illustrating a method for 
producing a relief using the system of FIG. 1, in accordance 
With still another exemplary embodiment of the invention. 
[0016] FIG. 9 is a top plan vieW of an exemplary relief 
produced by the method of FIG. 7. 

FIG. 3 illustrates a subject illuminated by three light 

DETAILED DESCRIPTION 

[0017] As illustrated in FIG. 1, in an illustrative or exem 
plary embodiment of the invention, a system 10 for producing 
a three-dimensional (3D) relief 12 from one or more tWo 
dimensional digital (2D) digital images 14 includes a com 
puter system 16 that controls a fabrication system 18. In the 
exemplary embodiment, computer system 16 essentially can 
be a personal computer system that has been suitably pro 
grammed or otherWise con?gured, as described beloW. But 
for the softWare elements described beloW, computer system 
16 can have a conventional structure and con?guration. 
Accordingly, computer system 16 includes hardWare and 
softWare elements of the types commonly included in such 
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computer systems, such as a processor subsystem 20, a 
memory subsystem 22, non-volatile data storage 24 (e.g., a 
hard disk drive, FLASH memory, etc.), a network interface 
26, and one or more ports 28 for reading from and Writing to 
external devices. Such external devices can include a remov 
able data storage medium 30, such as a Universal Serial Bus 
(USB) “thumb drive.” Computer system 16 also includes a 
peripheral interface 32 through Which data communication 
With a keyboard 34, mouse 36, display 38 and the above 
referenced printer 18 occur. Peripheral interface 32 can com 
prise USB ports of the same type as port 28 or any other 
suitable type of ports. In other embodiments, computer sys 
tem 16 can include hardWare and softWare elements in addi 
tion to those described herein or that are different from those 
described herein. The above-described elements can commu 
nicate With one another via a digital bus 40. Computer system 
16 can communicate With remote devices (not shoWn) via a 
netWork connection 42, such as a connection to the Internet. 

[0018] Memory subsystem 22 is generally of a type in 
Which softWare elements, such as data and programming 
code, are operated upon by processor subsystem 20. In accor 
dance With conventional computing principles, processor 
subsystem 20 operates in accordance With programming 
code, such as operating system code and application program 
code. In the exemplary embodiment of the invention, such 
application program code can include the folloWing softWare 
elements: a height ?eld computation element 44, a height 
?eld adjustment (or optimiZation) element 46, and an output 
controller element 48. Although these softWare elements are 
conceptually shoWn for purposes of illustration as stored or 
residing in memory subsystem 22, persons skilled in the art to 
Which the invention relates can appreciate that such softWare 
elements may not reside simultaneously or in their entireties 
in memory subsystem 22 but rather may be retrieved in por 
tions on an as-needed basis, e.g., in code segments, ?les, 
modules, objects, data structures, instruction-by-instruction, 
or any other suitable basis, from data storage 24 or other 
suitable source (e.g., via netWork connection 42). Note that 
although only height ?eld computation element 44, height 
?eld adjustment element 46, and output controller element 48 
are shoWn for purposes of clarity, other softWare elements of 
the types conventionally included in computers systems that 
enable them to operate properly are generally included, such 
as operating system softWare. 

[0019] It should be noted that, as programmed or otherWise 
con?gured in accordance With the above-described softWare 
elements, the combination of processor subsystem 20, 
memory sub system 22 (or other element or elements in Which 
softWare is stored or resides) and any related elements gen 
erally de?nes a programmed processor system 50. It should 
also be noted that the combination of softWare elements and 
the medium on Which they are stored or in Which they reside 
(e. g., memory subsystem 22, data storage 24, removable data 
storage medium 30, etc.) generally constitutes What is 
referred to in the patent lexicon as a “computer program 
product.” 
[0020] The above-referenced one or more 2D digital 
images 14 can be stored in data storage 24 or other suitable 
data storage medium in the form of one or more ?les and used 
as input to the computer-implemented method in the manner 
described beloW. LikeWise, output ?les 52 (e.g., representing 
information that can be used to drive the computer-controlled 
fabrication system 18) can be stored in data storage 24 or 
other suitable data storage medium. In some embodiments the 
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process or method of producing a producing a 3D relief from 
one or more 2D images 14 can give rise to one or more 

intermediate or temporary data ?les or data structures (not 
shoWn), Which can be stored in data storage 24, memory 
subsystem 22, or other suitable location. As persons skilled in 
the art to Which the invention relates can appreciate, any of the 
above-described softWare elements, including data ?les, can 
be stored in any suitable format in any suitable location or 
combination of locations, in Whole or part, and are only 
conceptually shoWn in FIG. 1 for purposes of illustration. 
[0021] Preliminary to the computer-implemented method 
described beloW, at least one 2D digital image 14 is captured 
or otherWise provided to computer system 16. As illustrated 
in FIG. 2, one such 2D digital image 14 (FIG. 1) can represent 
a subject 54 illuminated by a ?rst light source 56, illuminating 
subject 54 from a ?rst direction 58. Another such digital 2D 
image 14 can represent the same subject 54 illuminated by a 
second light source 60 from a second direction 62. Although 
the exemplary subject 54 shoWn in FIG. 2 represents an 
abstract 3D design, embodiments of the invention can use any 
scene as the subject, involving any suitable type of animate or 
inanimate subjects. As just one example, a face or head may 
provide an interesting subject for reasons described beloW. 
Indeed, anything that has conventionally been used as subject 
matter for a relief or that Would occur to persons to use as 

subject matter for a relief can be the subject of 2D digital 
image 14. 
[0022] Note in FIG. 2 that the exemplary subject 54 does 
not represent a real object but rather a physically impossible 
shape. As such, subject 54 illustrates that the subject of 2D 
digital image 14 (FIG. 1) need only be something that can be 
represented in the digital realm in a manner that includes 
illumination information. For a physically impossible shape 
such as subject 54, the illumination must be applied in the 
digital realm. This can be done by image processing tech 
niques that are Well understood in the art. In the case of a 
subject that is a real object, a 2D digital image of the subject, 
illuminated by tWo or more light sources, can be captured by 
conventional photographic means (not shoWn). For purposes 
of clarity, subject 54 is shoWn in FIG. 2 in line draWing form 
Without any shading that Would represent illumination by 
light sources 56 and 58. 

[0023] As illustrated in FIG. 3, in other embodiments, a ?rst 
2D digital image 14 (FIG. 1) can be provided of subject 54 as 
illuminated by a ?rst light source 64 from a ?rst direction 66; 
a second 2D digital image 14 can be provided of subject 54 as 
illuminated by a second light source 68 from a second direc 
tion 70; and a third 2D digital image 14 can be provided of 
subject 54 as illuminated by a third light source 72 from a 
third direction 74. 

[0024] As illustrated in FIG. 4, the method described beloW 
can use the tWo above-described 2D digital images 14 (FIG. 
1) to produce a relief 12 that, When illuminated by a ?rst light 
source 56' from the ?rst direction 58', conveys to an observer 
an image of subject 54 as illuminated from the ?rst direction 
58' and, When illuminated by a second light source 60' from 
the second direction 62', conveys to an observer an image of 
subject 54 as illuminated from the second direction 62'. 

[0025] Although FIGS. 2 and 3 illustrate instances in Which 
all of the 2D digital images 14 are of the same subject, in other 
instances the 2D digital images 14 can be of different sub 
jects. For example, a ?rst 2D digital image 14 can be of a 
person’s face While the person is smiling and illuminated 
from a ?rst direction, and a second 2D digital image 14 can be 
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of the same person’s face While the person is frowning and 
illuminated from a second direction. Although drawing ?g 
ures relating to such an example are not included for purposes 
of clarity, the method described beloW can use such images to 
produce a relief that, When illuminated from the ?rst direc 
tion, can convey to the observer an image of the smiling face 
and, When illuminated from the second direction, can convey 
to the observer an image of the froWning face. 

[0026] As shoWn in the enlarged area 75 of FIG. 4, relief 12 
comprises an array of pyramidal relief elements 76 arrayed in 
an x-y plane. There are a suf?ciently large number (i.e., a 
multiplicity) of such pyramidal relief elements 76 that a per 
son observing relief 12 from a distance does not perceive 
them individually but rather perceives only their collective 
visual effect. As shoWn in FIG. 5 and further described beloW 
With regard to the exemplary methods, each pyramidal relief 
element 76 of relief 12 (FIG. 4) is fabricated to correspond to 
a pyramidal surface element 77 in the digital model realm. 
Each pyramidal surface element 77 comprises four triangular 
facets 78, 80, 82 and 84 that adjoin each other at ?ve vertices 
86, 88, 90, 92 and 94. Vertex 86 is at the center ofthe pyramid, 
Where triangular facets 78, 80, 82 and 84 adjoin each other. 
Vertex 86 is surrounded by vertices 88, 90, 92 and 94 at the 
corners of the pyramid. The array of pyramidal surface ele 
ments 77 de?nes What is commonly referred to in the art to 
Which the invention relates as a height ?eld. Furthermore, 
every pyramidal surface element comprises a surface albedo 
and surface glossiness. As described beloW, the method 
involves computing a height of each of vertices 86, 88, 90, 92 
and 94 above a reference plane (commonly referred to in the 
art as a ?oor of the surface to Which the height ?eld relates). 
Vertices 86, 88, 90, 92 and 94 can be assigned parameters that 
include an x-y position in the height ?eld and a height above 
the ?oor. In the exemplary embodiment, each pyramidal sur 
face element 77 has the folloWing parameters: vertex 88 has 
an x position parameter x, a y position parameter y, and a 
height parameter h(x,y); vertex 90 has an x position param 
eter x, a y position parameter y+l, and a height parameter 
h(x,y+l); vertex 92 has an x position parameter x+l, a y 
position parameter y+l, and a height parameter h(x+l ,y+l); 
vertex 94 has an x position parameterx+ l, a y positionparam 
eter y, and height parameter h(x+ l ,y); and the center vertex 86 
has an x position parameter x+ 1/2, a y position parameter y+ 1/2, 
and height parameter hc(x,y). Although in the exemplary 
embodiment each surface element 76 has a pyramidal shape, 
in other embodiments the surface elements may have other 
suitable geometric shapes. 
[0027] In the exemplary embodiment, a computer-imple 
mented method of producing a 3D relief 12 from at least one 
2D digital image 14 can be initiated by a person (user) Who 
operates computer system 16. A user can operate computer 
system 16 locally using keyboard 34, mouse 36, display 38, 
etc ., or remotely via netWork connection 42. In operation, and 
in accordance With the effects of softWare elements that can 
include height ?eld computation element 44, a height ?eld 
adjustment element 46, and output controller element 48, 
computer system 16 can provide a suitable user interface 
through Which the user can interact With computer system 1 6. 
Although such a user interface is not described herein in 
further detail, it should be noted that a user can control com 
puter system 16 in a manner that alloWs the user to selectively 
apply the adjustments or optimizations described beloW that 
are associated With height ?eld adjustment element 46. Thus, 
in some instances a user can select any number (Zero or more) 
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of the adjustments, in any combination With each other or 
With other image processing, depending on Whether in the 
user’ s judgment the adjustment Will improve the appearance 
of relief 12. 

[0028] An exemplary method of producing a 3D relief 12 
from at least one 2D digital image 14 is illustrated by the How 
diagram of FIG. 6. In operation, computer system 16, in 
accordance With height ?eld computation element 44, com 
putes the height ?eld using tWo 2D digital images 14, as 
indicated by block 96. 
[0029] In the surface model described beloW that is used to 
represent relief 12 in the digital realm, each pixel of each of 
the tWo 2D digital images 14 is associated With not just one 
but With several pyramidal surface elements 77. Together, 
pyramidal surface elements 77 provide enough degrees of 
freedom that the different resulting radiance values are inte 
grated by the observer’s perception at a realistic vieWing 
distance. For an embodiment in Which tWo such 2D digital 
images 14 form the input data to the method, the method 
creates tWo different radiance values for each pyramidal sur 
face element 77 When the pyramidal surface element 77 is 
illuminated by light sources from tWo correspondingly dif 
ferent directions. 

[0030] Stated another Way, the four triangular facets 78-84 
(FIG. 4) have different normals (not shoWn) and thus different 
foreshortening. When vieWed from a distance, a human 
observer Will perceive the aggregate radiance of the four 
triangular facets 78-84. That is, the model provides a discrete 
relief surface that reproduces each pixel’s intensity as the 
integrated radiance of the four triangular facets 78-84 of the 
pyramidal surface element 77 corresponding to the pixel. The 
model can be described as folloWs. 

[0031] The model involves several simpli?cations or 
assumptions that may not hold true under all conditions. For 
example, it canbe assumed for purposes of the model that tWo 
light source directions I0, I1 are ?xed, and tWo discrete images 
are given I0, I1 are elements of the set R . It can further be 
assumed that the observer is at a su?icient distance relative to 
the siZe of the relief (i.e., in a direction v:(0,0,l) that the 
pyramidal surface elements 77 are not individually apparent 
to the observer. 

[0032] The radiance per pixel can be derived as folloWs. 
The vertices of the pyramidal surface element 77 correspond 
ing to each pixel of each of the 2D digital images 14 can be 
denoted as 

[0033] The center vertex 86 (pc) surrounded (counterclock 
Wise) by the comer vertices 88-94 (FIG. 5) p(x,y),p(x+l,y), 
p(x+l ,y+l),p(x,y+l) can be denoted as 

l l Eqn. (2) 
FAX, y) = [16+ 5, y+ 5, hm, w]. 

[0034] The radiance of a pyramidal surface element 77 is 
computed as vieWed from the v:(0,0, 1) direction. Note that 
the projected area of all four triangular facets 78-84 is 1A. The 
cross products of edges can be denoted as incident on the 
center vertex 86 as 
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i302 y):(pC(x, y)—1v(x, y+l))><(pc(x, y)—1v(x, y)) Eqn- (3) 

and then their lengths denoted as 

nl-(x, y):H?l-(x, y)[[, Where i is a member ofthe set {1,2, 
3,4}. Eqn. (4) 

[0035] The re?ected radiance L(x,y) of the pyramidal sur 
face element 77 as illuminated by one of light sources (I) 56 
and 58 (FIG. 2) is 

]i Eqn. (5) 
1: 

[0036] When taking the albedo of the surface re?ectance 
into account, the re?ected radiance L(x,y) for the pyramidal 
surface element (x,y) With a surface re?ectance p(x,y) illu 
minated by one a light source With direction I is: 

[0037] As it is important to the optimization or adjustment 
methods described beloW that ?l- is a linear function of the 
heights {hi}, hc, the non-linear part of the radiance function 
can be included in the lengths n,. For ease of re-implementa 
tion, the linear equations for the radiance in terms of the 
variables {hi} and hc relative to a light direction l:(lx, ly, 12) 
can be Written as: 

[0038] Equation (6) can be solved for the heights of the 
vertices of each pyramidal surface element above the refer 
ence plane. The results can be stored in a digital output ?le 52 
(FIG. 1) or other location. 

[0039] When taking into account the albedo of the surface, 
it is important to the optimiZation or adjustment methods 
described beloW that n,- is a linear function of the surface 
albedo p(x,y) and the heights {hi}, hc, the non-linear part of 
the radiance function can be included in the lengths n,. For 
ease of re-implementation, the linear equations for the radi 
ance in terms of the variables {hi} and hc relative to a light 
direction l:(lx, ly, 12) can be Written as: 
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[0040] As indicated by blocks 98, 100, 102,103 and 105 in 
FIG. 6, any of several adjustments or optimizations can 
optionally be made to the relief surface (i.e., the data of output 
?le 52) as part of computing the height ?eld (block 96). Such 
adjustments can be made to the height ?eld by computer 
system 16 operating in accordance With height ?eld adjust 
ment element 46 (FIG. 1). Such adjustments can include: 
radiance, smoothness, height, albedo and surface glossiness. 
Although such adjustments can be made independently from 
each other in other embodiments of the invention, in the 
exemplary embodiment the adjustments indicated by blocks 
98-102 are made in combination With each other using a 

Weighted methodology in accordance With the folloWing: 

[0041] Where the E terms represent energies, and the W 
terms represent the Weights. 

[0042] As indicated by block 98 in FIG. 6, the image dif 
ference terms E8 in equation (7) above can be minimiZed by 
computing the squared differences betWeen radiance gradi 
ents and the corresponding input image gradients. The 
Weights W in equation (7) depend on the light source direc 
tion, the gradient direction and the position. The global 
energy for ?tting the gradients of the input images can be 
expressed as: 

1 Eqn. (8) 
E201. y) 

mil n 

Ms 5:01, y) + 

[0043] The squared differences betWeen radiance gradients 
and the corresponding (compressed) input image gradients 
can thus be expressed as: 

[0044] The compressed image gradients D can be 
expressed as: 
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[0045] Where C is a function that compresses the value of its 
argument: 

1 Eqn. (11) 
C(a) : sgn(a)- Zlog? + QrdIaI) 

[0046] As indicated by block 100 in FIG. 6, the surface 
smoothness term EC in equation (7) relates to a desire to 
minimize the height, i.e., maximiZe the ?atness, of each pyra 
midal surface element. The surface smoothness terms above 
can be minimiZed by computing the second order differences 
Within a pixel of the input image. For center vertices, the 
smoothness term can be expressed using a sum of their 
squared Laplacians: 

m n h(x, y) + h(x +1, y) + 2 Eqn. (12) EC: [ h(x+l,y+l)+ ] 
F1 y:l h(x, y + l) —4hc(x, y) 

[0047] lntuitively, minimiZing the surface smoothness term 
pulls each center vertex 86 toWards the mean height of the 
corresponding center vertex 86 of neighboring pyramidal 
surface elements 77. However, moving the center vertex 86 to 
the mean height may not be enough to keep the geometry of 
a pixel planar. Thus, it may also be useful to consider second 
order smoothness of corner vertices 88-94 of each pyramidal 
surface element 77. The second order smoothness term, EP, 
Which appears in equation (7) above, can be expressed as: 

[0048] As indicated by block 102 in FIG. 6, the height 
difference term Eh in equation (7) relates to a desire to damp 
large height values. The height difference term promotes the 
resulting heights being close to a set of desired heights h*(x, 
y). The height difference term can be expressed as: 

'1 Eqn. (14) 
(W. y) — h * (x. m2 

F1 y:l 

[0049] The desired heights h*(x,y) are predetermined val 
ues. That is, in advance of using computer system 16 to effect 
the methods described herein, the desired heights h* (x,y) are 
selected by a user or other person or built into the softWare as 
constant values. The selection of the desired heights h*(x,y) 
depends on the objective of the method. For example, differ 
ent desired heights h*(x,y) can be selected for the method 
described herein With regard to FIG. 6 than for the method 
described herein With regard to FIG. 7. In vieW of the descrip 
tions herein, persons skilled in the art Will readily be capable 
of selecting the desired heights h*(x,y). For example, for 
relatively small heights, the desired heights h*(x,y) can be set 
to h(x,y) Which alloWs the heights to vary over the iterations 
of the iterative method described beloW. For larger heights, 
the values can be reduced after each iteration. For example, a 
compression function can be used: 
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[0050] As indicated by block 103 in FIG. 6, albedo can also 
be optimiZed. The image radiance term E, contributes to 
minimiZing the squared difference of image radiance and 
corresponding image intensity for each light direction 1. 
Hence, the radiance term E, can be expressed as 

mil n 

$2 Elm, y) 

[0051] The squared differences betWeen radiance and the 
corresponding input image intensity can thus be expressed as: 

[0052] The above-referenced iterative method for minimiZ 
ing the total energy E or error term in equation (7) above can 
be performed as folloWs. On each iteration, a linearized gra 
dient is set to Zero by solving a linear system for the heights of 
the vertices. The linear system includes terms representing 
the above-referenced set of desired heights h*(x,y) and 
albedo p*(x,y). Note that equations (8, l2, l3, 14) are rear 
ranged into the form Ax:b, Where A is a matrix of coeffi 
cients, b is a vector of coe?icients, x is a set of unknowns 
h(x,y), hc(x,y), and p(x,y). This linear system can be solved 
using any of a number of methods Well knoWn to persons 
skilled in the art. The set of desired heights h*(x,y) and 
surface albedo p*(x,y) is then updated With the results of the 
solution of the linear system. More speci?cally, the set of 
desired heights {h*(x,y)} and the set of values are 
expressed as constants in the linear system and are updated on 
each iteration. The foregoing steps are repeated until the 
energy E decreases beloW a predetermined or ?xed threshold 
energy value Ethmh or the difference in the value of the energy 
E at tWo consecutive iterations (En—En_l) is smaller than a 
predetermined or ?xed value E dlf. 

[0053] As indicated by block 105 in FIG. 6, the optimiZa 
tions can further include optimiZing glossy surface re?ec 
tance. AlloWing for non-lambertian bidirectional re?ectance 
distribution functions (BRDFs) directly during the optimiZa 
tion is possible. Also, as an alternative, When not directly 
incorporating this during the optimiZation, this can be com 
pensated for by including a ?nal stage Where a glossy term is 
computed. This can be done for example by assuming the 
Blinn-Phong shading model: 

[0054] Where h is the half-Way vector betWeen the light and 
the vieWing direction. The diffuse component, i.e. albedos 
and normals, are provided by the above described optimiZa 
tion. The glossiness coe?icient 0t and the exponent y is solved 
for separately at every pixel using grid search. 
[0055] Once the height ?eld has been computed (block 96) 
and any adjustments made to it (blocks 98, 100, 102, 103 and 
105), the resulting height ?eld data can be used to fabricate 
relief 12, as indicated by block 104. For example, computer 
system 16, operating in accordance With output controller 
element 48 (FIG. 1) can transfer the height ?eld data in the 
form of an output ?le 52 (FIG. 1) to fabrication system 18 
(FIG. 1), such as a computer-controlled milling or engraving 
machine or a rapid prototyping (“3D printer”) machine. A 
milling machine, for example, can remove material from a 
solid block of material (not shoWn) in accordance With the 
height ?eld, leaving an array of relief elements in the block of 
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material, Where each corresponds in shape, position in the 
height ?eld, and height above a surface ?oor, to one of the 
pyramidal surface element 77 in the height ?eld. Any suitable 
material can be used, such as a block of plastic or ceramic. If 
the material does not have a surface texture that is suf?ciently 
diffuse, it can be coated With paint or other material that 
provides a diffuse surface texture. Alternatively, a machine 
can create a mold corresponding (negatively) to the height 
?eld, and a relief can then be molded using the mold. Surface 
albedo and glossy highlights can be applied (e.g., painted on) 
using a fabrication system 18 that includes, for example, a 
?atbed printer. Various other fabrication methods Will occur 
to persons skilled in the art in vieW of the teachings herein. 

[0056] The resulting relief 12 can be used in this exemplary 
embodiment by placing the above-described tWo light 
sources 56' and 60' (FIG. 4) that respectively illuminate relief 
12 generally from directions 58' and 62'. Note that directions 
58' and 62' correspond to the illumination directions 58 and 
62 of the original subject 54 (FIG. 2) and that these are the 
directions in Which such light sources Were modeled in the 
equations above. The image that relief 12 conveys to the 
observer is shoWn for purposes of clarity in FIG. 4 in line 
draWing form and Without shading. HoWever, in practice an 
ob server Would perceive the image in different Ways, depend 
ing upon the direction from Which the light falls on relief 12. 
For example, relief 12, as illuminated by one such light source 
56', conveys to an observer (not shoWn), Who is located sub 
stantially at the position in Which such an observer Was mod 
eled in the equations above, an image that corresponds to the 
above-referenced 2D input image 14 that Was captured or 
otherWise provided With subject 54 illuminated from the 
direction 58. Likewise, the same relief 12, as illuminated by 
the other such light source 60', conveys to an observer (not 
shoWn), Who is located substantially at the position in Which 
such an observer Was modeled in the equations above, an 
image that corresponds to the above-referenced 2D input 
image 14 that Was captured or otherWise provided With sub 
ject 54 illuminated from the other direction 62. 

[0057] Although not shoWn in the draWing ?gures for pur 
poses of clarity, a perhaps more dramatic example of the 
method can involve tWo 2D digital images that are substan 
tially different from each other. For example, as described 
above, a ?rst 2D digital image 14 can be of a person’s face 
While the person is smiling and illuminated from a ?rst direc 
tion, and a second 2D digital image 14 can be of the same 
person’s face While the person is froWning and illuminated 
from a second direction. A relief 12 produced by the above 
described method, When illuminated from the ?rst direction, 
Would convey to an observer located substantially at the posi 
tion in Which such an observer Was modeled in the equations 
above an image of the smiling face, and When illuminated 
from the second direction, Would convey to an observer 
located substantially at the position in Which such an observer 
Was modeled in the equations above an image of the froWning 
face. 

[0058] As illustrated in FIG. 7, in another embodiment, as 
indicated by block 96', the height ?eld is computed in a 
manner similar to that described above With regard to FIG. 6 
except that three 2D digital images are used as input. The 
three 2D digital images can be, for example, those described 
above With regard to FIG. 3. That is, a ?rst one of the 2D 
images represents subject 54 illuminated by red light from the 
?rst direction 66; a second one of the 2D digital images 
represents the same subject 54 illuminated by green light 
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from the second direction 70; and a third one of the 2D digital 
images represents the same subject 54 illuminated by blue 
light from the third direction 74. As indicated by blocks 98', 
100', 102', 103' and 105', adjustments can be made in the same 
manner as described above With regard to blocks 98, 100, 102, 
103 and 105 in FIG. 6. 

[0059] As indicated by block 104', the computed height 
?eld data can then be used to fabricate a relief 12' (FIG.9). 
Computer-controlled fabrication system 18 (FIG. 1) can be 
used in the same manner described above to produce relief 12' 
from a material. 

[0060] The resulting relief 12' can be used in this exemplary 
embodiment by placing three light sources 64', 68' and 72' 
that respectively illuminate relief 12' generally from the 
directions 66', 70' and 72'. Note that directions 66', 70' and 72' 
correspond to the illumination directions 66, 70 and 72 of 
subject 54 (FIG. 3) and that these are the directions in Which 
such light sources 64, 68 and 72 Were modeled in the equa 
tions above in accordance With this embodiment. The image 
that relief 12' conveys to the observer is shoWn for purposes of 
clarity in FIG. 8 in monochromatic line-draWing form and 
Without shading. HoWever, in actuality an observer of relief 
12' Would perceive an image in full color. That is, relief 12', as 
illuminated by a red light source 64' from a ?rst direction 66', 
a green light source 68' from a second direction 70', and a blue 
light source 72' from a third direction 74', conveys to an 
observer (not shoWn) Who is located substantially at a posi 
tion in Which such an observer Was modeled in the equations 
above an image that corresponds to the above-referenced 2D 
input image 14 that Was captured or otherWise provided With 
the subject illuminated by light sources 64, 68 and 74 (FIG. 
3). Each pyramidal relief element in relief 12' re?ects the red, 
green andblue light in proportions that convey to the observer 
a mixture of those colors that corresponds to the pixel color in 
the original 2D digital image. 
[0061] As illustrated in FIG. 8, in still another embodiment, 
as indicated by block 96", the height ?eld is computed in a 
manner similar to that described above With regard to FIG. 6 
and FIG. 7 except that multiple 2D digital images are used as 
input. The 2D digital images can be, for example, an arbitrary 
scene illuminated from different directions, i.e. a re?ectance 
?eld represented as a set of photographs of a scene taken 
under different calibrated illumination directions. As indi 
cated by blocks 98", 100", 102", 103" and 105", adjustments 
can be made in the same manner as described above With 

regard to blocks 98, 100, 102, 103 and 105 in FIG. 6 and FIG. 
7. 

[0062] As indicated by block 104", the computed height 
?eld data can then be used to fabricate a relief (not shoWn, but 
similar to relief 12' described above With regard to FIG. 9). 
Computer-controlled fabrication system 18 (FIG. 1) can be 
used in the same manner described above to produce such a 
relief from a material. The resulting relief can be used in the 
same manner described above With regard to the use of relief 

12' (FIG. 9). 
[0063] In the manner described above With regard to exem 
plary embodiments of the invention, a 3D relief can be pro 
duced that conveys to an observer tWo or more images or a 

single image in tWo or more Ways, depending on the positions 
of the observer and the light sources illuminating the relief. In 
some instances, the exemplary method can use as input tWo or 
more 2D digital images that are substantially similar to each 
other. In such instances, the exemplary method can produce a 
relief that conveys images to an observer that the observer 
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perceives as similar to one another. For example, such as 
relief can convey images of the same subject illuminated from 
different directions. In other instances, the exemplary method 
can use as input tWo or more 2D digital images that are 
substantially different from each other. In such instances, the 
exemplary method can produce a relief that conveys images 
to an observer that the observer perceives as different from 
one another. For example, such a relief can convey images of 
tWo different subjects. In a more speci?c example, such a 
relief can convey an image that the observer perceives as 
transitioning from one subject to another as the observer’s 
position or the illumination changes With respect to the relief. 
In still another instance, a relief produced by the exemplary 
method can convey an image in full color When simulta 
neously illuminated by red, green and blue light from differ 
ent directions. 

[0064] While one or more embodiments of the invention 
have been described as illustrative of or examples of the 
invention, it Will be apparent to those of ordinary skill in the 
art that other embodiments are possible that are Within the 
scope of the invention. Accordingly, the scope of the inven 
tion is not to be limited by such embodiments but rather is 
determined by the appended claims. 

What is claimed is: 
1. A method for producing a three-dimensional relief from 

at least one tWo-dimensional digital (2D) image, comprising 
the steps of: 

computing a height ?eld from the at least one 2D digital 
image and illumination direction information, the height 
?eld comprising a multiplicity of geometric surface ele 
ments arrayed in a 2D ?eld corresponding to a multi 
plicity of pixels of the at least one 2D image, including 
computing at least one of a albedo of at least a portion of 
each geometric surface element and a glossiness value of 
at least a portion of each geometric surface element, 
each geometric surface element corresponding to a pixel 
of the digital image and having at least one height 
parameter representing a displacement from a surface 
?oor; and 

fabricating an array of relief elements in a material, each 
relief element corresponding in shape, position in the 
height ?eld, and height above the surface ?oor, to one of 
the geometric surface elements in the height ?eld. 

2. The method of claim 1, Wherein each geometric surface 
element has a pyramidal shape With four triangular facets, ?ve 
vertices, each vertex de?ned by a position in the height ?eld 
and a height parameter, and the step of computing a height 
?eld comprises computing at least one of a albedo value and 
a glossiness value of each of the four triangular facets of each 
geometric surface element. 

3. The method of claim 2, Wherein the step of computing a 
height ?eld comprises computing a height of each vertex 
above the surface ?oor from the illumination direction infor 
mation and the at least one 2D digital image. 

4. The method of claim 3, Wherein the step of computing a 
height of each vertex comprises computing the height of each 
vertex using a set of linear equations representing aggregate 
radiance values of the triangular facets of the geometric sur 
face elements in terms of vertex heights relative to at least one 
illumination direction. 

5. The method of claim 1, Wherein the step of computing a 
height ?eld comprises computing a minimized error term 
de?ned by a Weighted combination of an image difference 
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term, a surface smoothness term, a second-order smoothness 
term, and a height difference term. 

6. The method of claim 1, Wherein the step of computing a 
height ?eld comprises computing a minimized error term 
de?ned by a Weighted combination of an image difference 
term, a surface smoothness term, a second-order smoothness 
term, a height difference term, an albedo term, and a glossi 
ness term. 

7. The method of claim 6, Wherein the step of computing a 
minimized error term comprises: 

setting a linearized energy gradient to zero by solving a 
linear system for the heights of the vertices, the linear 
system including a set of heights; and 

updating the set of heights, albedos, and glossiness values; 
Wherein the steps of setting a linearized energy gradient to 

zero and updating the set of heights, albedo, and glossy 
re?ection are iteratively performed until a minimized 
error decreases beloW a predetermined threshold value 
or a difference in error value at tWo consecutive itera 
tions is smaller than a predetermined difference value. 

8. The method of claim 1, Wherein the step of computing a 
height ?eld comprises adjusting height ?eld radiance. 

9. The method of claim 8, Wherein the step of adjusting 
height ?eld radiance comprises computing an image differ 
ence term expressed as a squared difference of radiance gra 
dients and corresponding gradients of the at least one 2D 
digital image. 

10. The method of claim 1, Wherein the step of computing 
a height ?eld comprises adjusting height ?eld smoothness. 

11. The method of claim 10, Wherein the step of adjusting 
height ?eld smoothness comprises computing a surface 
smoothness term expressed as second-order differences 
Within each pixel. 

12. The method of claim 11, Wherein the step of adjusting 
height ?eld smoothness comprises computing a second order 
smoothness term of comer vertices. 

13. The method of claim 1, Wherein the step of computing 
a height ?eld comprises adjusting height ?eld range. 

14. The method of claim 13, Wherein the step of adjusting 
height ?eld range comprises computing a height difference 
term betWeen resulting heights and a predetermined set of 
desired heights. 

15. The method of claim 1, Wherein the step of computing 
a height ?eld comprises computing a height ?eld from tWo 
digital images and from illumination direction information 
representing tWo illumination directions, each illumination 
direction corresponding to one of the digital images. 

16. The method of claim 15, Wherein each of the tWo digital 
images represents the same subject as the other but illumi 
nated from a different direction. 

17. The method of claim 1, Wherein the step of computing 
a height ?eld comprises computing a height ?eld from three 
digital images and from illumination direction information 
representing three illumination directions. 

18. The method of claim 17, Wherein each of the three 
digital images represents the same subject as each other but 
illuminated With a different one of red, green and blue light. 

19. The method of claim 1, Wherein the step of computing 
a height ?eld comprises computing a height ?eld from mul 
tiple digital images and from illumination direction informa 
tion representing a re?ectance ?eld. 
20.A system for producing a three-dimensional relief from 

at least one tWo-dimensional digital (2D) image, comprising: 



US 2013/0016100 A1 

a computer-controlled fabrication system con?gured to 
produce the relief from a material and relief data; and 

a programmed processing system comprising a processor 
subsystem and a memory subsystem, the programmed 
processing system executing instructions to: 
compute the relief data, the relief data comprising a 

height ?eld computed from the at least one 2D digital 
image and illumination direction information, the 
height ?eld comprising a multiplicity of geometric 
surface elements arrayed in a 2D ?eld corresponding 
to a multiplicity of pixels of the at least one 2D image, 
each geometric surface element corresponding to a 
pixel of the digital image and having at least one 
height parameter representing a displacement from a 
surface ?oor, at least a portion of each geometric 
surface element having at least one of a albedo and a 
glossiness value; 

Wherein the computer-controlled fabrication system fabri 
cates an array of relief elements in the material, each 
relief element corresponding in shape, position in the 
height ?eld, height above the surface ?oor, and at least 
one of a albedo and a glossiness, to one of the geometric 
surface elements in the height ?eld. 

21. The system of claim 20, Wherein each geometric sur 
face element has a pyramidal shape With four triangular fac 
ets, ?ve vertices, each vertex de?ned by a position in the 
height ?eld and a height parameter. 

22. The system of claim 21, Wherein the programmed 
processing system computes the height ?eld by computing a 
height of each vertex above the surface ?oor from the illumi 
nation direction information and the at least one 2D digital 
image. 

23. The system of claim 22, Wherein the programmed 
processing system computes a height of each vertex using a 
set of linear equations representing aggregate radiance values 
of the triangular facets of the geometric surface elements in 
terms of vertex heights relative to at least one illumination 
direction. 

24. The system of claim 20, Wherein the programmed 
processing system computes the height ?eld by computing a 
minimized error term de?ned by a Weighted combination of 
an image difference term, a surface smoothness term, a sec 
ond-order smoothness term, and a height difference term. 

25. The system of claim 20, Wherein the programmed 
processing system computes a height ?eld by computing a 
minimized error term de?ned by a Weighted combination of 
an image difference term, a surface smoothness term, a sec 
ond-order smoothness term, a height difference term, an 
albedo term, and a glossiness term. 

26. The system of claim 25, Wherein the programmed 
processing system computes the minimized error term by: 

setting a linearized energy gradient to zero by solving a 
linear system for the heights of the vertices, the linear 
system including a set of heights, albedo values, and 
glossiness values; and 

updating the set of heights, albedo values, and glossiness 
values; 

Wherein the steps of setting a linearized energy gradient to 
zero and updating the set of heights, albedo values, and 
glossiness values are iteratively performed until a mini 
mized error decreases beloW a predetermined threshold 
value or a difference in error value at tWo consecutive 
iterations is smaller than a predetermined difference 
value. 
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27. The system of claim 20, Wherein the programmed 
processing adjusts height ?eld radiance in computing the 
height ?eld. 

28. The system of claim 27, Wherein the programmed 
processing system adjusts height ?eld radiance by computing 
an image difference term expressed as a squared difference of 
radiance gradients and corresponding gradients of the at least 
one 2D digital image. 

29. The system of claim 20, Wherein programmed process 
ing system adjusts height ?eld smoothness in computing the 
height ?eld. 

30. The system of claim 29, Wherein the programmed 
processing system adjusts height ?eld smoothness by com 
puting a surface smoothness term expressed as second-order 
differences Within each pixel. 

31. The system of claim 30, Wherein the programmed 
processing system adjusts height ?eld smoothness by com 
puting a second order smoothness term of corner vertices. 

32. The system of claim 20, Wherein the programmed 
processing system adjusts height ?eld range in computing the 
height ?eld. 

33. The system of claim 32, Wherein the programmed 
processing system adjusts height ?eld range by computing a 
height difference term betWeen resulting heights and a pre 
determined set of desired heights. 

34. The system of claim 20, Wherein the programmed 
processing system computes the height ?eld from tWo digital 
images and from illumination direction information repre 
senting tWo illumination directions, each illumination direc 
tion corresponding to one of the digital images. 

35. The system of claim 34, Wherein each of the tWo digital 
images represents the same subject as the other but illumi 
nated from a different direction. 

36. The system of claim 20, Wherein the programmed 
processing system computes the height ?eld from three digi 
tal images and from illumination direction information rep 
resenting three illumination directions. 

37. The system of claim 36, Wherein each of the three 
digital images represents the same subject as each other but 
illuminated With a different one of red, green and blue light. 

38. The system of claim 20, Wherein the programmed 
processing system computes the height ?eld from multiple 
digital images and from illumination direction information 
representing a re?ectance ?eld, each illumination direction 
corresponding to one of the digital images. 

39. A computer program product for producing a three 
dimensional relief from at least one tWo-dimensional digital 
(2D) image, the computer program product comprising a 
computer-readable medium on Which is stored in executable 
form instructions that, When executed on a computer system, 
cause the computer system to: 

compute relief data, the relief data comprising a height 
?eld computed from the at least one 2D digital image 
and illumination direction information, the height ?eld 
comprising a multiplicity of geometric surface elements 
arrayed in a 2D ?eld corresponding to a multiplicity of 
pixels of the at least one 2D image, each geometric 
surface element corresponding to a pixel of the digital 
image and having at least one height parameter repre 
senting a displacement from a surface ?oor, and having 
at least one of an albedo value and a glossiness value; 
and 

control a computer-controlled fabrication system to fabri 
cate an array of relief elements in a material, each relief 
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element corresponding in shape, position in the height 
?eld, and height above the surface ?oor, to one of the 
geometric surface elements in the height ?eld. 

40. The computer program product of claim 39, Wherein 
each geometric surface element has a pyramidal shape With 
four triangular facets, ?ve vertices, each vertex de?ned by a 
position in the height ?eld and a height parameter. 

41. The computer program product of claim 40, Wherein 
the instructions cause the computer system to compute the 
height ?eld by computing a height of each vertex above the 
surface ?oor from the illumination direction information and 
the at least one 2D digital image. 

42. The computer program product of claim 41, Wherein 
the instructions cause the computer system to compute a 
height of each vertex using a set of linear equations represent 
ing aggregate radiance values of the triangular facets of the 
geometric surface elements in terms of vertex heights relative 
to at least one illumination direction. 

43. The computer program product of claim 39, Wherein 
the instructions cause the computer system to compute the 
height ?eld by computing a minimized error term de?ned by 
a Weighted combination of an image difference term, a sur 
face smoothness term, a second-order smoothness term, and 
a height difference term. 

44. The computer program product of claim 43, Wherein 
the instructions cause the computer system to compute the 
minimized error term by: 

setting a lineariZed energy gradient to Zero by solving a 
linear system for the heights of the vertices, the linear 
system including a set of heights, albedo values, and 
glossiness values; and 

updating the set of heights, albedo values and glossiness 
values; 

Wherein the steps of setting a lineariZed energy gradient to 
Zero and updating the set of heights, albedo values and 
glossiness values are iteratively performed until a mini 
miZed error decreases beloW a predetermined threshold 
value or a difference in error value at tWo consecutive 
iterations is smaller than a predetermined difference 
value. 

45. The computer program product of claim 44, Wherein 
the instructions cause the computer system to adjust height 
?eld radiance in computing the height ?eld. 

46. The computer program product of claim 45, Wherein 
the instructions cause the computer system to adjust height 
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?eld radiance by computing an image difference term 
expressed as a squared difference of radiance gradients and 
corresponding gradients of the at least one 2D digital image. 

47. The computer program product of claim 39, Wherein 
the instructions cause the computer system to adjust height 
?eld smoothness in computing the height ?eld. 

48. The computer program product of claim 47, Wherein 
the instructions cause the computer system to adjust height 
?eld smoothness by computing a surface smoothness term 
expressed as second-order differences Within each pixel. 

49. The computer program product of claim 48, Wherein 
the instructions cause the computer system to adjust height 
?eld smoothness by computing a second order smoothness 
term of comer vertices. 

50. The computer program product of claim 39, Wherein 
the instructions cause the computer system to adjust height 
?eld range in computing the height ?eld. 

51. The computer program product of claim 50, Wherein 
the instructions cause the computer system to adjust height 
?eld range by computing a height difference term betWeen 
resulting heights and a predetermined set of desired heights. 

52. The computer program product of claim 39, Wherein 
the instructions cause the computer system to compute the 
height ?eld from tWo digital images and from illumination 
direction information representing tWo illumination direc 
tions, each illumination direction corresponding to one of the 
digital images. 

53. The computer program product of claim 52, Wherein 
each of the tWo digital images represents the same subject as 
the other but illuminated from a different direction. 

54. The computer program product of claim 39, Wherein 
the instructions cause the computer system to compute the 
height ?eld from three digital images and from illumination 
direction information representing three illumination direc 
tions. 

55. The computer program product of claim 54, Wherein 
each of the three digital images represents the same subject as 
each other but illuminated With a different one of red, green 
and blue light. 

56. The computer program product of claim 39, Wherein 
the instructions cause the computer system to compute the 
height ?eld from multiple digital images and from illumina 
tion direction information representing a re?ectance ?eld. 

* * * * * 


